Abstract. We give bounds on the degree of generation and relations of generalized canonical rings of arbitrary Q-divisors on projective spaces of all dimensions and Hirzebruch surfaces. We also give exact bounds on the degree of generators and relations of the generalized canonical ring of any effective Q-divisor on projective space.
Introduction
For any Weil Q-divisor D on a rational surface X, the graded generalized canonical ring is R(X, D) :
, where u is a dummy variable to keep track of degree. We study the generators and relations of generalized canonical rings for projective spaces P m and Hirzebruch surfaces F m . When D is a general Q-divisor on P m or F m , we give bounds on the generators and relations of R(X, D). In particular, we give a minimal presentation of the generalized canonical ring when X = P m and D is any effective Q-divisor. In part, this work is motivated by a recent paper by O'Dorney [O15] , which gives similar descriptions of generalized canonical rings for general Q-divisors on P 1 . This study also has connections to the papers by Voight-Zureick-Brown [VZB15] and Landesman-Ruhm-Zhang [LRZ16] , which provide tight bounds on the degree of generators and relations of log canonical rings and log spin canonical rings on arbitrary stacky curves.
Another closely related topic is the Hassett-Keel program [Has05] , which aims to describe log canonical models of the form
in terms of certain moduli spaces, where M g is the moduli space of stable genus g curves. Moreover, Q-divisors on surfaces also naturally appear when considering the canonical ring of surfaces of Kodaira dimension 1. A surface has Kodaira dimension 1 if and only if it is an elliptic surface [BHPVdV04, p. 244] , and the canonical rings of elliptic surfaces are most naturally described in the setting of Q-divisors [BHPVdV04, Chapter V, Theorem 12.1].
1.1. Modular Forms. The work in this paper was motivated by potential applications to calculating a presentation of certain rings of Hilbert modular forms and Siegel modular forms. Recall that Hilbert and Siegel modular forms are two generalizations of modular forms to higher dimensions, as described in [VDG07] and [Bru08] . Voight and Zureick-Brown show that one can translate the analytic category of 1-dimensional complex orbifolds to the algebraic category of stacky curves [VZB15, Proposition 6.1.5]. If one could generalize this result to yield an equivalence of categories between an appropriate subcategory of m-dimensional orbifolds and a subcategory of m-dimensional algebraic spaces, this would allow us to translate rings of Hilbert modular forms and Siegel modular forms whose coarse space is a projective space or a Hirzebruch surface to canonical rings on the corresponding algebraic surfaces. Thereby, if our results could be extended to all rational surfaces, they would give a bound on generators and relations for such rings of Hilbert and Siegel modular forms parameterized by rational Hilbert and Siegel modular surfaces. This would be interesting because such modular surfaces tend to be immensely complicated: "Already for g = 2, the boundary of this fundamental domain is complicated; Gottschling found that it possesses 28 boundary pieces" [VDG07, p. 7] . Since our results only apply to minimal rational surfaces, and because the rings of Hilbert and Siegel modular forms are so complex, we were unable to use our work to compute the canonical ring of an explicit modular surface. Although we did not obtain a bound on the degree of generators and relations for general rational surfaces, the restricted class of rational varieties we consider still required significant work.
1.2. Notation. We now define some notation used throughout the paper. Use m ∈ Z to index the dimension of a given projective space P m and the type of the Hirzebruch surface F m . Let D be a (Weil) Q-divisor of the form
where n ∈ Z indexes the number of irreducible divisors in the above expansion of D, α i ∈ Q, and D i ∈ Div X is an integral codimension 1 closed subscheme of X. When it is convenient to do so, we shall sometimes start the indexing at 0, so that i runs from 0 to n. In the case X = P m , define the degree of D by
denote the generalized canonical ring associated to the Q-divisor D. So, R D is notation for R(X, D) when X is understood from context. If R is a graded ring, we denote the dth graded component of R by R d . If r is a rational number, we let frac(r) := r − ⌊r⌋ denote the fractional part of r. Throughout, we work over a fixed algebraically closed field k. Since generator and relation degrees are preserved under base change to the algebraic closure, assuming that k is algebraically closed is no restriction on generality and the results hold equally well over an arbitrary field. If D ∈ Q⊗ Z Div X is an arbitrary divisor, we denote h
1.3. Main Results and Outline. In Section 2 we prove the following two results bounding the degree of generators and relations of generalized canonical rings on P m . The first applies to effective Q-divisors and the second applies to arbitrary Q-divisors.
in reduced form and each D i ∈ Div P m an integral divisor. Then the generalized canonical ring R D is generated in degrees at most max 0≤i≤n k i with relations generated in degrees at most 2 max 0≤i≤n k i . Remark 1.2. Note that the bounds given in Theorem 1.1 are tight and are typically attained, as explained in Remark 2.8.
. Now suppose that {f 0 , . . . , f n } contains m + 1 independent linear polynomials in x 0 , . . . , x m (where we allow for
Then R D is generated in degrees at most n i=0 ℓ i a i with relations generated in degrees at most
Remark 1.4. Note that the bounds given in Theorem 1.3 are asymptotically tight to within a factor of two for a class of divisors described in Remark 2.16.
In Section 3, we shift our attention to Hirzebruch surfaces. Recall that for each m ≥ 0 we can define the Hirzebruch surface F m := Proj(Sym
) as a projective bundle over P 1 . Let u, v the projective coordinates on the base P 1 and let z, w be the projective coordinates on the fiber, as defined more precisely at the beginning of 3. Since Hirzebruch surfaces are smooth, the natural map from Cartier divisors to Weil divisors is an isomorphism. In other words, all Cartier divisors arise as the zero locus of a section of some line bundle. We implicitly use this in the statement of the following theorem. The analogous fact for projective space was also implicitly used in Theorems 1.1 and 1.3.
Let u, v, z, w be the coordinates for the Hirzebruch surface F m , and suppose that {f 1 , . . . , f n } contains two independent linear polynomials in u, v and two independent linear polynomials in w, x (where we allow for α j = 0 in the expansion of D).
Then R D is generated in degrees at most
with relations generated in degrees at most
Remark 1.6. Theorem 1.5 is restated with a more precise bound in Theorem 3.4.
By the classification of minimal rational surfaces as either P 2 or a Hirzebruch surface [EH87] , Theorems 1.3 and 1.5 provide bounds on generators and relations for the generalized canonical ring of any Q-divisor on any minimal rational surface. Section 4 discusses further questions.
Canonical Rings of Projective Space
Let k be a field and let P m denote m-dimensional projective space over k. In this section, we bound the degrees of generators and relations for divisors on P m , for all m ≥ 1 in Theorem 1.1. Note that if deg D < 0 the generalized canonical ring is concentrated in degree 0, and if deg D = 0, then the generalized canonical ring has a single generator. Therefore, for the remainder of this section, we shall assume deg D > 0. The P 1 case restricts to the results of [O15] . We also give an explicit description of the generators of the generalized canonical ring R D when D is an effective divisor in Theorem 1. 3 For the remainder of this section, we shall fix m ≥ 1 and choose an isomorphism P m ∼ = Proj V for some vector space V with basis x 0 , . . . , x m .
2.1. Preliminaries on Projective Space. Before bounding the degree of generation and relations of generalized canonical rings on projective space, we first describe a particular choice of basis for R D as a k vector space. Write
where n ∈ Z, α i ∈ Q, and deg
We shall further assume for this subsection that (possibly after reordering) f 0 , . . . , f m are m independent linear forms on P m . This may necessitate the inclusion of "ghost divisors" D i with coefficients α i = 0. , so it suffices to show that those functions satisfying conditions (1-3) are independent. This follows from the assumption that f 0 , . . . f m form a basis of linear forms, and so all monomials in f 0 , . . . , f m of degree deg⌊d(deg D)⌋ form a basis of degree deg⌊dD⌋ rational functions.
2.2. Effective Divisors on Projective Space. In this subsection, we restrict attention to the case of effective fractional divisors D ∈ Q ⊗ Z Div P m . We give an explicit presentation of the generalized canonical ring when D is an effective divisor.
. Then write
For a given sequence of numbers c 0 , . . . , c r , let
Next, we define an ordering on these vectors, which will be used to give a presentation for R D .
Definition 2.4. Let v, w ∈ Z m+1 . Let i ∈ {0, . . . , m} be the biggest index such that v i is nonzero and j ∈ {0, . . . , m} be the smallest index such that w j is nonzero. Define a relation on Z m+1 by v ≺ w if i ≤ j.
We are now ready to give an inductive method for computing the generators and Theorem 2.5.
be the convergents of the Hirzebruch-Jung continued fraction of α. Then, the generalized canonical ring
has a minimal presentation over R D ′ consisting of the r i=0
with deg v = c i . Furthermore, it has relations generated by the following two classes of elements.
(1) For each (i, j) with j ≥ i + 2 and each v ∈ S i , w ∈ S j , there is a relation of the form either
(2) For each (i, j) with j = i or j = i + 1 and each v ∈ S i , w ∈ S j with v ≺ w (see Definition 2.4) there is a relation of the form
where y and z are the unique vectors in S i and S j , respectively, such that y + z = v + w and y ≺ z.
Idea of Proof:
The proof follows in four steps. First, we demonstrate that the F Proof. For simplicity, we give a proof for when D ′ = 0, but the general can be analogously proved by replacing the orders of zeros and poles by the order of zeros and poles relative to D ′ . That is, one can work with rational sections of O P m (D ′ ) instead of rational sections of O P m , and the following proof goes through otherwise unchanged.
We will first check that
are minimal generators in degree 1. Now let i > 1.
≥0 . In particular, we see that
is the mediant of the rational numbers 
We can then write v =
consisting of products of generators F
h+1 which are in the form prescribed in the theorem statement. Since we wrote an arbitrary monomial
product of generators, this shows that F v i minimally generate R D . Next, we show that the relations given in the statement of the theorem generate all relations. In particular, if j ≥ i + 2 then F v i F w j has a decomposition of the form (2.1) of products of generators in adjacent degrees where h depends on i and j, so we notate h i,j := h ∈ {1, . . . , r}. We also have that i ≤ h i,j < j since We also have relations involving generators in consecutive indices. Suppose F v i
and F w j are generators with j = i or j = i + 1 and v ∈ S i , w ∈ S j with v ≺ w. Let y and z be the unique vectors in S i and S j , respectively, such that y + z = v + w and y ≺ z (i.e. the nonzero indices of y followed by those of z give an increasing sequence). Then we see that
which give the relations L v, w i,j . Now, we may apply the relations L v, w i,j to any monomial in the F v i 's involving indices that differ by at most 1 to produce the canonical form
where
. Consequently, the relations of form G Remark 2.7. Note that we cannot extend this result to the case when D is supported at two hypersurfaces with arbitrary rational (non-effective) coefficients in the same manner that O'Dorney does for the P 1 case [O15, Section 4]. As will be shown in Example 2.9, the degrees of generation of the generalized canonical ring of a general Q-divisor supported on two hyperplanes cannot be bounded so tightly. The twopoint P 1 result leverages the fact that P 1 has precisely two independent coordinates, so that two distinct integral subschemes cannot represent equations of only m of the m + 1 coordinates. Theorem 2.5 gives an inductive procedure to compute presentations of effective divisors which are supported on hyperplanes. However, for m ≥ 2, there are hypersurfaces which are not unions of hyperplanes. We now address this general case, giving an inductive presentation of generalized canonical rings of effective divisors, and a tight bound on the degrees of their generators and relations.
∈ Q >0 in reduced form and each D i ∈ Div P m an integral divisor. Then the generalized canonical ring R D is generated in degrees at most max 0≤i≤n k i with relations generated in degrees at most 2 max 0≤i≤n k i .
Proof.
We proceed by induction on n. If n = 0, i.e. D = 0, then we are done. Now, we inductively add hypersurfaces. Let D ′ = n i=0 α i D i ∈ Q ⊗ Z Div P m , and assume the theorem holds for D ′ . It suffices to show the theorem holds for D ∈ Div Q ⊗ Z P m , where D = D ′ + αC for some degree δ hypersurface C. If C were a hyperplane, we would then be done, by Theorem 2.5.
To complete the theorem, we reduce the case that C is a general hypersurface to the case that C is a hyperplane, by using the Veronese embedding.
If
) and so the generalized canonical ring R H of the hyper-
For the remainder of this section, we shall make the additional assumption that . In fact, for all degrees less than 5, the elements of R D can all be expressed as rational functions in x 0 , x 1 . However, in degree 6, there is
. Since this involves x 2 , it must be a generator.
This example generalizes slightly to any divisor of the form
showing that there will always exist a generator in degree k(k + 1).
This example further generalizes to the following situation: Suppose
where all f i can be written as a polynomial function in x 0 , . . . , x m−1 , it follows that R D always has a generator in degree lcm(q i ·a i ).
As illustrated in Example 2.9, when all components in the support of divisor can be written in terms of m of the m + 1 variables on P m , we cannot hope to bound the degree of generation by anything less than the sum of the least common multiples of the denominators. This issue can easily be circumvented by adding in "ghost points." That is, we may add divisors of the form 0 · H i to D, and reorder so that if D = n i=0 α i V(f i ), then f 0 , . . . , f m are independent linear functions in x 0 , . . . , x m .
In Example 2.10, we show that it is still, in general, necessary to add ghost points, even when the irreducible components of a divisor are not all expressible as functions in m of the m + 1 variables on P m .
Example 2.10. Consider Having justified the necessity of adding ghost points, we proceed to bound the number of generators and relations of arbitrary Q-divisors in projective space. We bound the generators in Lemma 2.12, and we use Lemmas 2.13, 2.14, and 2.15 to bound the degree of relations in the proof of Theorem 1.3. Note that Proposition 2.11, Lemma 2.13, and Lemma 2.14 are quite general and will also be used in Section 3 to bound the degree of generators and relations on Hirzebruch surfaces. Proposition 2.11. Let n ∈ Z, let α 0 , . . . , α n ∈ Q, and let a i , b i ∈ Z with 0 ≤ i ≤ n. Define Then, as a semigroup, Σ is generated by elements whose first coordinate is less than t i=0 δ i . Furthermore, every element σ ∈ Σ can be written in a canonical form
ζ i e i with ζ 1 , . . . , ζ t ∈ Z ≥0 , 0 ≤ s i < 1, and λ = r i=0 s i e i so that the first coordinate of λ is less than
Proof. By assumption, σ ∈ Σ can be written as σ = t i=0 r i e i with r i ∈ Q. Let frac(r) := r−⌊r⌋ denote the fractional part of r. Let λ = t i=0 frac(r i ). Whence, we can write σ = λ + t i=0 ⌊r i ⌋e i . Consequently, σ lies in the Z ≥0 span of λ, e 0 , . . . , e t , which all have first coordinate less than t i=0 δ i . Ergo, Σ is generated by elements whose first coordinate is less than t i=0 δ i . By Proposition 2.11, in order to bound the degree of generation of R D , we only need bound the degrees of extremal rays of an associated cone. We now carry out this strategy.
Observe that Σ has extremal rays given by the lattice points
for each i ∈ {0, . . . n}. Therefore, applying Proposition 2.11, we see R D is generated in degrees less than n i=0 ℓ i a i .
Let w 1 , . . . w r be the generators in degrees at most n i=0 ℓ i a i (given by Lemma 2.12), and let φ : k[w 1 , . . . w r ] → R D be the natural surjection. For the remainder of the section, we aim to bound the degree of relations of R D , or equivalently, the degree of generation of ker φ. We can factor φ through the semigroup ring
by (2.6)
In Lemma 2.13 we show that the degree of the generators for ker φ, which is the same as the degree of relations of R D , is bounded by the maximum of the degree of generators for ker χ and for ker ψ. In Lemma 2.14, we bound the degree of generation of ker χ, and we bound the degree of generation of ker ψ in Lemma 2.15 Lemma 2.13. Let X be an arbitrary scheme and let
In this case, we can factor φ as a composition of χ and ψ defined by
Assuming χ is surjective, the minimal degree of generation of ker φ is at most the maximum of the minimal degree of generation of ker χ and the minimal degree of generation of ker ψ.
Proof. First, note that surjectivity of χ implies we have an exact sequence 0 ker χ ker φ ker ψr 0.
This shows that lifts of generators of ker ψ together with images of generators of ker χ generate all of ker φ, as desired.
Lemma 2.14. Retaining the notation of Lemma 2.13, if Σ has extremal rays e 0 , . . . , e t in degrees d 0 , . . . , d t then ker χ is generated in degrees at most 2(
Proof. Since e 0 , . . . , e t are extremal rays, Proposition 2.11 implies every element σ ∈ Σ can be written in a canonical form λ + t i=0 ζ i e i where all ζ i ∈ Z ≥0 . Let λ 0 := 0, λ 1 , . . . , λ r be all elements of Σ which can be written in the form λ j = t i=0 s i e i with 0 ≤ s i < 1. Then, for any 1 ≤ j ≤ k ≤ r, we can write λ j + λ k in the above canonical form, yielding a (possibly trivial) relation in degree at most deg
Furthermore, these relations generate all relations, as one can apply a sequence of these relations to put any σ ∈ Σ into canonical form σ = λ + t i=0 ζ i e i from Proposition 2.11.
, and ℓ i = lcm j =i (k j ). Define Σ as in Equation (2.4) and ψ as in Equation (2.6). Then, ker ψ is generated in degrees at most
Proof. We claim there exist β 0 , . . . , β n ∈ k[Σ] such that ker ψ is generated by
This is possible by Proposition 2.1. Furthermore, the relations given in Equation (2.8) generate all relations, since they allow us to reduce any u For the remainder of the proof, fix i ∈ {0, . . . , n}. To complete the proof, it suffices to bound the degree of generation of the relations of the form
, we associate it with the corresponding element (d, c 0 , . . . , c n ) ∈ Σ. Let Σ i ⊆ Z n+2 be the set of points of the form (d, c 0 , . . . , c n ) satisfying c j ≥ −dα j for all j and n j=0 c j a j = −a i . Let
Then we see Σ i = {σ ∈ Σ|σ − δ i ∈ span Q ≥0 (e 0 , . . . , e n )} with e i as defined in Equation 2.5. Therefore, we can write any element of Σ i uniquely as
c j e j where c j ∈ R for each j. Whenever some there is some j for which c j ≥ 1, we can write the relation
are generated by those in degrees less than
. Hence, ker ψ is generated in degrees less than
By combining the above results, we get our main theorem bounding the generator and relation degrees of the generalized canonical ring of any Q-divisor on projective space.
. Now suppose that {f 0 , . . . , f n } contains m + 1 independent linear polynomials in x 0 , . . . , x m (where we allow for α j = 0 in the expansion of D).
Proof. The bound on degree of generation is precisely the content of Lemma 2.12.
It only remains to bound the degree of relations. By 2.14, ker χ is generated in degrees at most 2 n i=0 ℓ i a i and by Lemma 2.15, ker ψ, is generated in degrees up to
Consequently, Lemma 2.13 implies that ker φ is generated in degrees less than
Remark 2.16. The bounds given in Theorem 1.3 are asymptotically tight to within a factor of two for the following class of divisors. Consider a divisor D = n i=0 . Further, choose a linear subspace
, where P i are distinct points in P 1 . To choose such a map π, we may need to assume that the base field is infinite. Note that by the Remark immediately following Theorem 8 in [O15] , the given bounds on the generators and relations of R π * D are within a factor of two of the degree of generation and relations of R π * D . Finally, since restriction map R D → R π * D induced by the restriction maps on cohomology
are surjective, we obtain that the bounds for the generators and relations of R D given in Theorem 1.3 also agree with the degree of generation and relations to within a factor of two.
Canonical Rings of Hirzebruch surfaces
The aim of this section is to prove Theorem 1.5, bounding the degree of generators and relations of the generalized canonical ring of a Q-divisor on any Hirzebruch surface.
One way to describe the Hirzebruch surface F m is as a quotient, Furthermore, similarly to the case of projective space, we will restrict to the case that D is a divisor for which both of its bi-degrees are positive. We now justify this restriction. If either of the bi-degrees of D are negative, then the generalized canonical ring is concentrated in degree 0. If one of the bi-degrees is 0, say the first one is 0, then R D is isomorphic to R D ′ , where D ′ ∈ Q ⊗ Z Div P 1 , where D ′ can be written as a sum of divisors whose degrees are multiples of the second bi-degree of D. Since the case of P 1 has already been analyzed in [O15] , we are justified in assuming that both bi-degrees of D are positive.
For the remainder of this section we will assume D 1 , D 2 , D 3 , and D 4 are distinct divisors with bi-degrees (1, 0) , (1, 0), (0, 1), and (0, 1) respectively with
In order to achieve the above condition on the bi-degrees of D 1 , . . . D 4 , it may be necessary to add in "ghost divisors" (i.e. divisors with of the desired form with a coefficient 0). Also, note that, f 1 and f 2 are independent linear polynomials in u and v and f 3 and f 4 are independent linear polynomials in z and w. Analogously to Proposition 2.1 for the case of P m , all rational functions on F m can be written uniquely in a form where their numerator is a function of only f 1 , f 2 , f 3 , and f 4 . Definition 3.1. Define
In order to determine a generating set for (R D ) d , it suffices to find the extremal rays of Σ. To do this, we extend the method of O'Dorney [O15, Theorem 8]. We first consider the sub-cone Σ 1 ⊂ Σ given by
which has extremal rays given by
. Then, the extremal rays of Σ are precisely the extremal rays of Σ ⊗ Z Q.
The extremal rays of Σ ⊗ Z Q can be represented by points lying only on the edges e i e j . The extremal rays are given by multiples of those ǫ i 's which are contained in H together with intersection points e i,j which can be expressed as H ∩ e i e j , where i = j and e i , e j / ∈ H. Note that e i,j is only defined in the case #{H ∩ e i , e j } = 1. From this geometric description of the extremal rays, we can write the extremal rays algebraically as follows.
Since these e i are multiples of ǫ i and these e i,j are points of intersection of H with e i e j such that neither e i nor e j are contained in H, these form a set of extremal rays of Σ.
Thus, Proposition 2.11 implies that R D is generated in degrees less than the sum of the degrees of the e i and e i,j , which is
Let w 1 , . . . , w r be the generators of R D in degrees less than ρ (as given by Lemma 3.2), and let φ be the surjection k[w 1 , . . . w r ] → R D . As in Section 2, we can factor φ through the semigroup ring
By Lemma 2.14, we can bound the degree of generation of ker χ below 2ρ. Finally, we calculate the degree of generation of ψ: Lemma 3.3. Let ρ be as in Equation (3.1). Then, ker ψ is generated in degrees less than
Proof. We first claim that there exist u deg z 1 β 1 , . . . , u deg zn β n ∈ k[uz 1 , uz 2 , uz 3 , uz 4 ] such that ker ψ has relations of the form
z j c j lying in some degree d ∈ N with c j ≥ −α j d (for all j) satisfying a i + n j=1 a j c j = 0 and b i + n j=1 b j c j = 0. Specifically, β i , is the polynomial β i (z 1 , z 2 , z 3 , z 4 ) so that β i (z 1 , z 2 , z 3 , z 4 ) − z i ∈ ker ψ. Such an element β exists and is unique because rational functions whose numerators are polynomials in f 1 , f 2 , f 3 , f 4 form a basis From the definitions, E µ lies in Σ and has the same degree as E.
By construction, E − µ∈M i E µ ∈ ker ψ and divides u d (z i − β i ) n j=1 z c j j . Furthermore, we have already bounded deg(E) in Equation (3.3) . Finally, recall ker ψ is generated by relations of the form u d (z i − β i ) n j=1 z c j j as i ranges between 1 and n. Thus, taking the maximum over all i of our bound in Equation (3.3) , we see ker ψ is generated in degrees at most
By combining the above results, we get our main theorem bounding the generator and relation degrees of the canonical ring of Q-divisors on Hirzebruch surfaces. with relations generated in degrees at most 2ρ.
Proof. The generation degree bound is as stated in Lemma 3.2. By Proposition 2.13, the degree of generation of ker φ is at most the maximum of the generation degrees of ker χ and ker ψ, giving us the desired relations bound. The bound on ker χ follows from Lemma 2.14 and the bound on ker ψ follows from Lemma 3.3.
Further Questions
Recall that every minimal rational surface is either isomorphic to P 2 or F m for some m ≥ 0, m = 1 [EH87] . By Theorems 1.3 and 1.5, we have given bounds for the generators and relations of arbitrary generalized canonical rings on any minimal rational surface. A natural extension of our results is the following. Every rational surface can be obtained from a minimal rational surface by a sequence of blow-ups [EH87] . Therefore, to answer Question 4.1 affirmatively, it suffices to bound the degree of generators and relations of the generalized canonical ring of a divisor on a blow-up of a given surface in terms of the generalized canonical rings of some associated divisors that given surface.
Another direction to generalize the work in this paper would be to try to express generalized canonical rings of Q-divisors on X × Y in terms of those on X and Y. In this paper, we bounded the degrees of presentations on generalized canonical rings on P 1 × P 1 ∼ = F 0 . Perhaps similar techniques can be used to bound degrees of presentations on generalized canonical rings on (P 1 ) k or more generally on
One might further try to generalize this to bounding degrees of presentations on bundles over P m or on more general products of schemes.
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